The forecasting slope deformation potential is required to evaluate slope safety during open-pit mining, allowing us to formulate and promote effective emergency strategies in advance to prevent slope failure disasters. Although fractal models have been used to predict slope deformation, such limitations as low prediction accuracy, poor stability and the requirement for large amounts of data must be overcome. This article proposes an improved fractal model to forecast mine slope deformation using the grey system theory. The GM (1, 1) model is used in the improved fractal model to optimize the fitting function of the fractal dimension because of its high computational efficiency and strong fitting ability. Data sequences spanning 13 days from 11 global positioning system monitoring stations in the Jinduicheng open-pit mine in Shaanxi Province, China, were applied to forecast the slope deformation. The results from both the traditional fractal model and the improved fractal model can accurately forecast the slope deformation value fairly close to the actual field monitoring value, but the latter can make a more accurate prediction than the former. There is a significant relationship between the prediction accuracy and the data sequence dispersion. Further analysis revealed that our improved fractal model is more capable of resisting the volatility existing in the data sequences than the traditional fractal model. These findings assist in understanding the applicability of prediction models and the deformation trends of open-pit mine slopes.
Introduction
In numerous manufactured and natural structures, such as mountains, deep foundation pits, open-pit mines and dams, long-term deformations exist that occasionally fail as a result of complex conditions. 1 A slope failure at an open-pit mine represents the most serious and frequent hazard. Numerous mines adopt steep slope mining to improve the efficiency of mining, which leads to an increase in both the slope angle and the relative vertical slope height. [1] [2] [3] This inevitably poses potential safety hazards from mining landslides during production. Although the monitoring of high slope mines has become an integral part of mining operations, 4 the accurate prediction of mine slope deformation is important to establish effective emergency strategies in advance to reduce economic losses and loss of human life. 5 Mathematical prediction models have been applied to forecast mine slope deformation. Lu and Rosenbaum 6 attempted to combine the artificial neural network (ANN) and grey systems to predict mine slope stability. Ferentinou and Sakellariou 7 illustrated the application of computational intelligence tools for slope deformation prediction under both static and dynamic conditions. Zhou et al. 8 described a twodimensional plane-strain numerical model for the displacement prediction of loose soil slope. Subsequently, Li et al. 2 used the Kalman filtering model to forecast the high and steep mine slope deformation in the Shuichang iron mine. Feng et al. and Guo et al. expanded grey-based methods for slope stability analysis of an open-pit mine using GM (1, N) and GM (1, 1) . [9] [10] [11] [12] [13] Recently, some extended methods have been introduced to forecast mine slope deformation. For instance, a geographic information system (GIS)-based three-dimensional (3D) limit equilibrium model was implemented by Jia et al. 14 to assess the slope stability of a mine area in Japan. Li et al. 15 presented a hybrid model combining mathematical morphology (MM) and functional-coefficient autoregressive (FAR) for slope displacement prediction. The Revised Universal Soil Loss Equation (RUSLE) model was introduced by Yellishetty et al. 16 to an abandoned opencast mine to estimate the amounts of soil landslide from mine waste rock dumps in India. Li et al. 17 used the fuzzy mathematics model to predict the deformation on rock slope of opencast metal mine. It has become common practice to use the mathematical prediction models to evaluate mine slope deformation. 18 Despite these highlighted contributions from mine slope deformation prediction models, no substantial research has yet comprehensively attempted to overcome the limitations of low prediction accuracy, poor stability, inefficient predictions using existing monitoring data with nonlinear and chaotic characteristics and the requirement for large amounts of data. [19] [20] [21] In terms of nonlinear and chaotic features, mine slope deformation is regarded as a complex evolution system resulting from the excavation process. 22 Because of the similarity and randomness, these features of mine slope deformation can be measured using the fractal dimension, which has been thoroughly explored in previous studies. [23] [24] [25] It has been demonstrated that the fractal model has the potential to predict dynamic tendencies based on a series of existing monitoring data. 26, 27 Fu 28 utilized a conventional fractal model to forecast the marine environment data, which demonstrated the advantages of the fractal dimension in nonlinear or chaotic predictions. Wu et al. 26 applied the chaos and fractal models to water quality time series predictions. A coupling model based on a variabledimension fractal and an ANN was proposed by Qin et al. 29 to predict mine slope deformation. Qin et al. explored the use of the variable-dimension fractal method for the high rock-slope deformation research at the Xiao wan Hydropower Project; this approach was shown to be efficient. [30] [31] [32] These studies show that the fractal model can quantify the changes and trends of existing sample data. However, the fractal-based prediction model remains limited because a large quantity of sample data from continuous observation is usually unavailable. 21 Consequently, it is necessary to use certain strategies to improve the traditional fractal model (TFM) so it can be used for limited data prediction under minimal information loss.
In this article, we propose an improved fractal prediction model for forecasting mine slope deformation using GM (1, 1) . The fitting correction of the fractal dimension is optimized using GM (1, 1) for the existing variable-dimension fractal model. This article is organized as follows: section 'Methodology' reviews the original variable-dimension fractal model and the GM (1, 1), and then the improved fractal prediction model is detailed. A study area and data collection method using global positioning system (GPS) is introduced in section 'Study area and data'. In section 'Results', we use the improved fractal prediction model to forecast mine slope displacement, comparing its results with that of the original variable-dimension fractal model. Finally, the conclusion is presented.
Methodology

Fractal model
The term fractal was derived from the Latin word 'fractus' by Mandelbrot. 33 The fractal can bridge the similarity between a part and the whole, and emphasizes the global dependence to part fractal along the direction from microscopic to macroscopic. 33, 34 Both selfsimilarity and randomness are the basic fractal characteristics. They can be well quantified by the fractal dimensions that have been extended from the integer dimensions. Although they neither uniquely describe nor specify details of how to construct particular fractal patterns, it has been shown that the fractal dimensions are fitted to quantify the nonlinear characteristics. 21, 26 Mine slope deformation is a complex system affected by external environmental changes, the evolution of which shows complex irregular trends. This deformation is characterized by the self-similarity in a statistical sense. 35 Yang et al. 36 have indicated that the mine slope deformation has rheological characteristics and creep behaviour of the northern slope of an open-pit mine in Fushun City, Liaoning Province, China. Thus, the monitoring data of mine slope deformation are a series of discrete points with fractal features related to time. 37 Actually, the fractal model is suitable for forecasting mine slope deformation because of its self-similarity and powerful fitting ability for different deformation trends. 33 The fractal model has been used to predict slope deformation since the 1990s. Zhang and Mao proposed the initial slope fractal model to analyse landslide deformation. 38, 39 In practical application, the general function of fractal model can be expressed by the power exponent distribution as follows
where r is the characteristic linear scale, C is the unknown constant and N is the number of objects at scale r, such as temperature, stress value and the deformation value. D is the fractal dimension that can measure the complexity and randomicity. To observe the mine slope deformation, we numbered the monitoring time as r(r = 1, 2, . . . , n) and defined the mine slope deformation value as N (N = 1, 2, . . . , n). Thus, we can derive a series of spatial-temporal coordinate pairs of mine slope deformation, including (N 1 , r 1 ), (N 2 , r 2 ), . . . , (N i , r i ), (N j , r j ), . . . , (N n , r n ). The fractal functions at time i and j can be expressed as follows
We can then use the variable-dimension fractal to build the interaction function at different monitoring periods. 23, 26 The variable-dimension fractal dimension was derived from equations (2) and (3) as follows
where D (i, j) is the variable-dimension fractal dimension.
In general, we make use of the cumulative sum sequences of the original observations to solve this problem. The building of cumulative sum sequences has been expressed in detail by Wu et al. 26 According to equation (4), the fractal dimension sequence can be determined as follows
where D(I) (i, i + 1) is the corresponding fractal dimension of the I-order cumulative sum and r i is the monitoring time sequence. S(I) i is the cumulative sum sequences that can be built from the monitoring data sequence. 40, 41 A detailed computation of fractal dimensions was performed by Wu et al. 26 After the calculation of the fractal dimension, the mine slope deformation N i + 1 can be obtained as follows
where N 1 , N 2 , . . . , N iÀ1 , N i is the monitoring data sequence, and N i + 1 is the mine slope deformation value at time i + 1.
Although the fractal dimension has the potential to describe the dynamic tendency of slope deformation based on an existing monitoring data series, as discussed above, the question of how to use the fractal model to accurately predict the mine slope deformation with limited monitoring data remains largely unanswered. 21 In addition, the TFM is sensitive to the timeliness and continuity of the monitoring data series, 28 which lead to the limitations in the practical application of this model. Systematic improvements to the accurate application of the fractal model are required, particularly because it is difficult to obtain a continuous series of long-term monitoring data and make timely predictions based on shortterm monitoring data.
Grey prediction model
The fractal model can accurately predict slope deformation as stated above, but its application is restricted because of the large amount of data required. Several other mathematical models have been applied to slope deformation predictions. For example, the grey system theory is a classical prediction model that was initially introduced in 1982. It has since become popular because it can simulate the systems with objective uncertainty and imperfect known data. 42 Due to its computational efficiency, 43 the GM (1, 1) type of grey prediction model has been widely applied in practice, rather than conventional statistical models such as regression analysis model, time series analysis model and Kalman filtering model. 44, 45 Consequently, we utilized the GM (1, 1) to fit the forecast fractal dimensions and to address the large amounts of data required by the fractal model previously mentioned in this article.
The grey prediction model involves the following three basic operations: (1) the accumulated generating operator (AGO), (2) the construction of background value matrix and (3) the calculation of the developing coefficient a and the grey controlled variable b. When the original data series are acquired, the AGO series can be built. A detailed building of AGO series was performed by Chang et al. 45 Its first-order differential equation can be expressed as follows
where t is the independent variable. Both the developing coefficient a and the grey controlled variable b were calculated using the ordinary least-square method. The parameters a and b can be calculated through the accumulated matrix and a detailed description of accumulated matrix was performed by Chang et al. 45 The values of a and b were then input into equation (7) to discretize the differential equation. The desired prediction output at time K + 1 can be estimated by an inverse AGO, which was determined by the following relation
where
is the grey elementary forecasting value. The characteristic behaviour of the GM (1, 1) is generally described by discrete time series data. 46 Improved fractal prediction model using GM (1, 1)
To achieve a high prediction accuracy for mine slope deformation, a novel mine slope deformation prediction model is derived from and substituted for the existing variable-dimension fractal model. Compared to the existing literature, the focus of our work is to fit the forecast fractal dimensions using the GM (1, 1). The entire procedure and flow is shown in Figure 1 .
The improved fractal prediction model using GM (1, 1) shown in Figure 1 pertains to the existing variabledimension fractal model. The traditional method of fractal dimension-fitting results in erroneous prediction results when the monitoring data are limited. Thus, the GM (1, 1) was utilized to fit the forecast fractal dimension given small samples and poor information. The three key steps of the proposed improved fractal prediction model are as follows:
Step 1. The cumulative sum sequences S(I) were built from the original data series. Using the cumulative sum sequence transformation, the original data series can better meet the requirements of the fractal model as described by Wu et al. 26 Step 2. When the fractal dimension series D(I) (1, 2) , D(I) (2, 3) , . . . , D(I) (i, i + 1) were derived from equation (5), the GM (1, 1) was integrated into the TFM to fit the forecast fractal dimension D(I) (i + 1, i + 2) instead of the exponent equation. This is the core part of the improved prediction model.
Step 3. The mine slope deformation values at time i + 1 were forecasted. According to equation (6), we used the inverse extrapolation to predict the mine slope deformation.
Study area and data
Study area
The Jinduicheng Molybdenum Mining Corporation, shown in Figure 2 (a), has a mining area of 4.5 km 2 in the Shaanxi Province of northwest of China. It is the largest molybdenum production base in China and ranks among the top three in the world. The Jinduicheng molybdenum mine has utilized open-pit mining for production since 1950s. With the continuous exploitation and rapid advances in mining technology in recent years, it is now characterized by high and steep slopes as shown in Figure 2 (b). However, these high and steep slopes present a serious threat to safe production in the entire mining area. Thus, managers and workers must establish effective monitoring measures and an accurate prediction model to forecast slope deformation tendencies as soon as possible.
The northern slope of the Jinduicheng open-pit mine shown in Figure 2 (a) was selected as our study area. An artificially high slope has now formed on the northern slope. This slope is approximately 650 m long and 150-170 m high with a 40°slope angle. Because the Yan door geological fault zone exactly crosses through the northern slope, the rock mass in this area is loose and lacks stability. Consequently, small-scale slope failures occur. During the rainy season, the surface water permeates through the permeable layer and secondary geological disasters are triggered.
Data
The data sequence used in our experiment was collected through GPS monitoring stations placed at the northern slope, as shown in Figure 2(b) . The GPS is a space-based satellite navigation system that can provide location and time information in all weather conditions. 47 It was developed by the US Department of Defense and put into use in April 1993. There are currently more than 20 satellites in orbit, normally providing global coverage. For any outdoor point on the earth, the GPS receiver can simultaneously observe four or more GPS satellites, guaranteeing all-weather and anywhere navigation and 3D positioning. 48 The GPS has been used to monitor mine slope deformation since the late 1990s because of its high precision, automation and all-weather adaptability compared with other optical surveying equipment. 49 In 2012, a GPS-based automatic monitoring system was designed and installed to monitor the slope deformation of the northern slope. This system includes three main parts: the data acquisition element (the 11 GPS monitoring stations shown in Figure 2(b) ), the data transmission element and the GPS data processing element. Although data acquisition has become convenient and timely with the support of GPS, the original GPS data could only describe past slope deformation rather than predicting future deformation trends. Future slope deformation trends are unknown to managers and workers. Therefore, we must analyse the original deformation data using appropriate mathematical prediction models.
In this article, the height observations from the GPS monitoring stations are used to validate and evaluate the proposed model because deformation in the height direction of the slope can result in slope failure in the mining area. We collected the time series data from 11 monitoring stations from 6 July 2013 to 18 July 2013. The cumulative displacement time series reference for all stations listed in Table 1 was taken on 5 July 2013. The observation data from 6 July to 15 July were used to train the proposed model, and the observation data from 16 July to 18 July were used to validate the prediction accuracy (marked with * in Table 1 ).
Analysis of nonlinear property of data sequences based on R 2
As mentioned above, mine slope deformation is regarded as a complex evolution system and shows nonlinear and chaotic characteristics. The original data sequence collected from the GPS stations is able to reflect these characteristics. We also elaborated that the fractal model is suitable for fitting forecast these monitoring data sequence with nonlinear and chaotic characteristics. Thus, it is very necessary for us to verify the nonlinearity of the data sequence before using our proposed model to predict slope deformation.
In statistics, the coefficient of determination, denoted as R 2 , is an indicator to quantify how well datasets fit a statistical model. 50 Generally, the coefficient of determination ranges from 0 to 1. In few extreme circumstances, the computational definition of R 2 can yield negative values, but it rarely occurs. If the value of R 2 is closer to 1, it means the better fitting degree, and vice versa. 51 Linear fitting is very poor if the value of R 2 lies between 0 and 0.5. We have written a programme in the software of MATLAB to fit the data series with best statistical model automatically. The results indicate that the Gaussian fitting with power law characteristics had the best fitting degree (the value of R 2 is closer to 1) as shown in Table 2 . The R 2 value of Gaussian fitting is greater than 0.9 except BB07. This suggests that these monitoring data sequences can be well fitted with nonlinear fitting function, and the strong nonlinear characteristics are proved to exist in the data sequences. At the same time, the R 2 values of linear fitting are also listed in Table 2 in sharp contrast to the Gaussian fitting. The R 2 value of linear fitting is less than 0.4 except BB03 and BB07. It indicates that the data sequence has weak linear characteristics in statistics. A distinct nonlinear feature can be found in these monitoring data sequences through the verification of Gaussian fitting and linear fitting in pros and cons.
Results
The calculation results of fractal dimension for TFM and improved fractal model (IFM) are shown in Table 3 , from 16 July 2013 to 18 July 2013. These prediction dimensions are used to predict the mine slope deformation through the inverse extrapolation. They were calculated using the MATLAB software (version 7.8). Table 4 shows the predicted slope deformation results derived from the TFM and the IFM presented in section 'Methodology'. All of the predicted slope deformation values for the 11 monitoring stations from 16 July 2013 to 18 July 2013 are positive. This suggests that the northern slope tends to be unstable and a series of deformation phenomena could arise on the potential slip surface. For each of monitoring stations, there is a gradual change in the predicted deformation value from 16 July to 18 July. The deformation value of BB01 for TFM and IFM increased from 0.0833 to 0.0947 m and from 0.1042 to 0.1494 m, respectively. This indicates that the slope instability becomes evident gradually during these few days. The deformation values for a given day presented in Table 4 show no correlation among the 11 monitoring stations compared with the actual deformation values. This may be attributed to the geological structural differences beneath each monitoring station. For the majority of monitoring stations, the forecast sequence appears gentle with a gradually increasing trend, indicating a continuous deformation and a slow creep state. However, as shown Table 1 . Height observations of cumulative displacement on 6 July 2013 to 18 July 2013 were collected from 11 GPS monitoring stations that were installed at the northern slope of Jinduicheng open-pit mine shown in Figure 2 in Table 4 , BB11 shows a random variation with large fluctuations; this area needs to be specifically monitored. It is noted that the forecast results for TFM or IFM shown in Table 4 indicate the cumulative values of slope deformation. In comparison with the available actual deformation values, it is more important for us to capture the ongoing ground movement caused by the mining process as soon as possible.
Discussion
Significance test of the proposed model
Previous studies have confirmed that the TFM is capable of forecasting the slope deformation from the time series data. 29, 30, 33 However, as a new type of combination prediction model, the IFM proposed in this article must be validated in practice. Thus, we applied the student's t-test to examine whether our IFM was an effective tool to accurately predict the actual deformation value. A null hypothesis of statistical probability was defined because the forecast deformation value does not approximate the actual deformation value. If the statistical test results reject the null hypothesis, the forecast deformation is close to the actual deformation; this suggests that the prediction model has a greater forecast error and its accuracy is relatively low. All significance tests for the proposed model were performed using the SPSS software. Figure 3 shows that the majority of the statistical tests for the predicted deformation values from 16 July to 18 July are significant at the 0.01 level. This suggests that the mean of the population has the value specified in the above-mentioned null hypothesis. That is, there is no difference between the predicted and actual values. Both prediction models (i.e. the TFM and the IFM) can predict the slope deformation value fairly close to the actual field monitoring value. This indicates that our proposed model can achieve acceptable accuracy compared to the TFM. However, it is noted that the statistical test for the improved fractal prediction values on 17 July is significant at the 0.05 level rather than at the 0.01 level, indicating a low forecast accuracy for this period. We speculate that this may correspond to an abrupt large fluctuation among the data sequences. This may have resulted from a sudden and heavy rain on 17 July causing the slope deformation situation to be different from the other two days. However, we cannot completely rule out the possibility that it may also be a result of random error and stochastic uncertainty in the original data sequence, which can also lead to a low significance.
Comparison of the prediction accuracy of the TFM and our IFM
The aforementioned results indicate that our IFM can predict the slope deformation from the existing monitoring data as well as the TFM can. However, it is performed only at the general level of student's t-test, rather than at each specific monitoring station. We need to conduct comparative analyses for each monitoring station to validate the superior deformation forecasting performance of our proposed improved fractal prediction model over that of the TFM. The differences between actual observation values and predictive values for two kinds of prediction model, including the TFM and the IFM, are shown in Figure 4 . It shows that IFM has a smaller forecast error than TFM for all 11 monitoring stations from 16 July to 18 July. All IFM-derived prediction results among 11 stations have improved greatly in comparison with that of TFM. This indicates that our IFM has better prediction accuracy than the TFM. At the same time, Figure 4 shows that the absolute residuals on (c) 07/18/2013 are much bigger than the forecast error with the date of (a) 07/ 16/2013 and (b) 07/17/2013, which demonstrates that the more the time span, the greater forecast error is for both the TFM and IFM. Why does our IFM result in smaller forecast errors than the TFM? This question can be explored by examining the fitting prediction of the fractal dimension. For the TFM, the exponent equation y = ae Àbx + c was used to fit the forecast fractal dimensions. Because of the explosive growth characteristic in the exponent equation, 52 minor changes in the data sequences may result in a serious forecasting error in the fractal dimension as shown in Figure 4 . Conversely, our IFM has a relatively high prediction accuracy in this study. This is primarily because of the fitting improvement of the fractal dimension using GM (1, 1). As discussed earlier, the differential equation (dx=dt) + ax = b was used instead of the grey equation x (0) (k) + az (1) (k) = b in the GM (1, 1); this equation can describe the situation when a complicated relation, involving several continuously varying quantities and changing trends in space or time, is unknown or postulated. Thus, the equation has the continuous fitting ability to simulate a system with objective uncertainty given imperfectly known data. The explosive growth occurrence probability that usually occurs in the TFM is reduced in comparison with the exponent equation. This can significantly improve the fitting prediction of the fractal dimension to achieve a more accurate slope deformation prediction.
Relationship of the prediction accuracy and the dispersion of data sequence
The forecast accuracy is not only related to prediction models but also depends on the amplitude variations of the data sequences. Figure 5 shows that there is a significant relationship between the prediction accuracy and the dispersion of data sequences. This suggests that the mean residual becomes smaller when the standard deviation is small, and vice versa. The large standard deviation generally corresponds to a high forecast error, regardless of which of the two prediction models is used. That is, the mean residual varies with the standard deviation changes. This is because the fractal dimension is sensitive to fluctuations in the data sequence or limitations in the quantity of data. However, not all monitoring station forecast errors in our study follow this rule. For instance, the change trend of forecast error at BB06 and BB07 tends to oppose the standard deviation, as shown in Figure 5 . This may be a result of local geological conditions triggered by blasting vibrations in the mine slope.
The correlation coefficients between the mean residual and standard deviation for the TFM and the IFM are 0.8625 and 0.7352, respectively. This suggests that the TFM is more easily affected by the data sequence fluctuation, whereas our IFM is able to resist the volatility in the data sequences. This is beneficial in making an effective prediction in the short-term monitoring data sequences. Specifically, it works well when a sudden deformation occurs, such as in the case of rainfall or abrupt geological movement.
Conclusion
It is reported that the fractal model has the potential to forecast mine slope deformation from a series of existing monitoring data because of its similarity and randomness. However, the requirement for large quantities of data has degraded the applicability of the TFM in practice. This study proposes an IFM to forecast mine slope deformation with limited data sequences, with the fractal dimension-fitting forecast optimized by GM (1, 1) . The primary conclusions from this study can be summarized as follows:
(1) A significance test suggests that the forecast value of the IFM is statistically correlated to the actual values at the macro level. It also corroborates that the IFM is an effective tool that can predict the slope deformation value close to the real value. (2) Comparison analysis of the mean residual suggests that our IFM can more accurately predict mine slope deformation at each monitoring station than the TFM. (3) Although the prediction accuracies of both the TFM and the IFM are affected by the dispersion of the data sequence, a thorough analysis demonstrates that the latter is better able to resist the volatility existing in the data sequences than the former.
Despite the achievements in this research, there are currently several limitations that present opportunities for improvement in the future. For instance, the data sequences used in this study are generally sampled at equal time intervals. However, because of the collection method limitations and the influence of the external environment, most of the data sequences acquired from field monitoring are an unequal interval time series. Given the influence of continuity of time series, 42 we must conduct additional studies, using more novel methods based on the unequal interval time series, to improve the availability of data sequences. This is beneficial for researchers to understand the applicability of prediction models to apply additional multiple data sequences for forecasting mine slope deformation.
